In this paper, we analyze L-space surgeries on two component L-space links. We show that if one surgery coefficient is negative for the L-space surgery, then the corresponding link component is an unknot. If the link admits very negative (i.e. d1, d2 ≪ 0) L-space surgeries, it is the Hopf link. We also give a way to characterize the torus link T (2, 2l) by observing an L-space surgery S
introduction
Heegaard Floer homology is an invariant for closed, oriented 3-manifolds, defined using Heegaard diagram by Ozsváth and Szabó [16] . From the viewpoint of this invariant, Lspaces are the simplest three-manifolds. An L-space is a rational homology sphere such that the free rank of its Heegaard Floer homology equals the order of its first singular homology group. Boyer, Gordon and Watson recently conjectured that for closed, oriented and prime three-manifolds, left-orderability of the fundamental groups indicates that the manifold is not an L-space [2, 6, 7, 21] , and this was confirmed for graph manifolds. Ozsváth and Szabó proved that if the three-manifold M admits an cooriented taut foliation, it is not an L-space [14] .
A link in S 3 is an L-space link if all sufficiently large surgeries on all components of the link are L-spaces. This indicates that [12] . It starts with an infinitely generated complex. There are six ways to truncate this complex to a finitely generated but rather complicated complex depending on the signs of the surgery coefficients and the determinant of the surgery matrix. Y. Liu described the truncated surgery complex very explicitly for 2-component L-space links in [11] . It is simpler compared to the truncated surgery complex for general 2-component links, and it is possible to determine if a single surgery on the link is an L-space. However, the characterization of integral or rational L-space surgeries on 2-component L-space links is still not well-understood.
Gorsky and Némethi proved that the set of L-space surgeries for most algebraic links is bounded from below and determined this set for integral surgeries along torus links [5] . Rasmussen has shown that certain torus links, satellites by algebraic links, and iterated satellites by torus links have fractal-like regions of rational L-space surgery slopes [22] .
In this paper, we analyze the integral surgeries S 3
Note that whether a link L is an L-space link does not depend on the orientation of L. However, Manolescu-Ozsváth surgery complex depends on the orientation of L. In this paper, we orient all 2-component L-space links such that they have nonnegative linking numbers. For such links, we have the H-function H L (s) which is a link invariant defined on some 2-dimensional lattice H(L) and takes values in nonnegative integers, see Section 2.1. If there exists a lattice point s = (s 1 , s 2 ) ∈ H(L) such that H L (s) > H L (s 1 , s 2 + 1), H L (s) > H L (s 1 + 1, s 2 ) and one of H L (s 1 , ∞), H L (∞, s 2 ) equals 0, we say the link is a type (A) link. Otherwise, we say the link is type (B). For example, the Whitehead link is type (A), and all algebraic links are type (B) [5] . For type (A) L-space links, the region for L-space surgeries is bounded from below. For type (B) L-space links, the region for L-space surgeries is more complicated, and it may be unbounded. For example, the torus link T (4, 6) has unbounded L-space surgery set (see [5, This gives a characterization of the torus link T (2, 2l). For type (A) L-space links L, the region for possible L-space surgeries is in the first quadrant, but it is still not clear which surgery is an L-space. We consider 2-component L-space links with vanishing linking numbers.
Based on the H-function of the link L, we define: A lattice point s = (
. Suppose that the coefficients of t
For example, the Whitehead link satisfies the assumption in Theorem 1.9. Furthermore, if the link L = L 1 ∪L 2 satisfies the assumption in Theorem 1.9, the cable link L p,q = L (p,q) ∪L 2 also satisfies the assumption where p, q are coprime positive integers with q/p sufficiently large and
Theorem 1.10. Suppose that L is an L-space link that satisfies the assumption in Theorem 1.9. Then S 3
of L i and p i , q i are coprime positive integers with q i /p i sufficiently large. The surgery manifold S 3
The main ingredient of the proofs is Manolescu-Ozsváth truncated surgery complex. For a 2-component L-space link L = L 1 ∪ L 2 , the subcomplexes A 00 s , A 01 s , A 10 s and A 11 s are used to keep track of the filtration information induced by the link L, its sublinks L 1 , L 2 and ∅. We construct a CW-complex corresponding to this truncated surgery complex. More precisely, we associate a 2-dimensional cell to A 00 s , a 1-dimensional cell to A 01 s or A 10 s and a 0-dimensional cell to A 11 s . The singular homology of the CW complex corresponds to the generators of the free part of HF − (S 3
is an L-space, we should be able to locate the generator of HF − (S 3
the CW complex corresponding to the truncated surgery complex in each Spin c structure is a square. It is contractible, so its singular homology is generated by a class of a 0-cell. Then the generator of HF − (S 3
s ) for some s ∈ H(L). For details, see Section 3 and [3] . This will give restrictions to the differentials in the surgery complex, which is related to the H-function.
Organization of the paper. In Section 2.1, we give the definition and properties of the H-function for oriented links. In Section 2.2, we give the definition and properties of L-space links and give a way to compute the H-function of L-space links in terms of their Alexander polynomials. In Section 3, we review the truncated surgery complex introduced by Manolescu and Ozsváth [12] and associate to it a CW complex. In Section 4.1, we discuss type (A) L-space links and prove Theorem 1.1. In Section 4.2, we discuss type (B) L-space links and prove Theorem 1.2, Theorem 1.4 and Theorem 1.5. In Section 4.3, we discuss L-space links with vanishing linking numbers and describe the possible L-space surgery sets. In Section 4.4, we give explicit descriptions of L-space surgery sets for some 2-component L-space links, and prove Theorem 1.9, Theorem 1.10 and Corollary 1.12.
Notation and Conventions. In this paper, all 2-component links are oriented such that the linking number is nonnegative. We use l to denote the linking number and Λ to denote the surgery matrix
We use L to denote links in S 3 and L 1 , · · · , L n to denote the link components in the same link. We denote vectors in R n by bold letters. For two vectors u = (u 1 , · · · , u n ) and
Let e i denote a vector in R n where the i-th entry is 1 and other entries are 0. For a subset B ⊂ {1, · · · , n}, let e B = i∈B e i . Let ∆ L (t 1 , · · · , t n ) denote the symmetrized Alexander polynomial of L. Throughout this paper, we work over the field F = Z/2Z.
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The H-function and L-space links 2.1. The H-function. Ozsváth and Szabó associated chain complexes CF − (M ), CF (M ) to an admissible Heegaard diagram for a closed oriented connected 3-manifold M [17] , and these give three-manifold invariants HF − (M ) and
For links in S 3 , this filtration is indexed by an n-dimensional lattice H(L) which is defined as follows: 
The following properties of L-space links will be used in this paper. 
The Euler characteristic χ(HF L − (L, s)) was computed in [20] ,
where s = (s 1 , · · · , s n ) and
if n = 1.
Note that we regard 1 1 − t −1 as an infinite power series in t −1 . The Alexander polynomial ∆ L (t 1 , · · · , t n ) is normalized so that it is symmetric about the origin.
One can use (2.1) to compute the H-function of L by using the values of the H-function for sublinks as the boundary conditions. In this paper, we mainly consider links with one and two components.
For n = 1, the equation (2.1) has the form:
It is not hard to see that if L is an unknot, H(s) = s − |s| 2 . The genus of a knot L is defined as:
3 is an oriented, embedded surface with ∂F = L}.
Proof. Let ∆ L (t) = s∈Z a s t s denote its symmetrized Alexander polynomial. We claim that g(L) = max{s | a s = 0}. Recall that
where HF K(L, s) is a knot invariant from the Heegaard Floer package [15] , and [14, The-
is the top degree of t in ∆ L (t). Observe that the top degrees of t in ∆ L (t) and ∆ L (t) are the same. By (2.3):
By Lemma 2.4 and the boundary condition H(∞) = 0, we have
and we have H(
respectively, and l is the linking number. For general L-space links L, the H-function satisfies the following conjugation symmetry.
Proof. By Lemma 2.5 and Lemma 2.12, we have:
The surgeries on the link L do not depend on its orientation, so whether a link L is an L-space link does not depend on orientations. However, the H-function of L depends on its orientation.
It suffices to prove that φ satisfies (2.4) and the boundary condition that φ( 
) is similar by observing that
3. Surgery complex and truncations 3.1. Truncated surgery complexes for 2-component L-space links. We first review the Manolescu-Ozsváth link surgery complex [12] for oriented links
We choose an orientation on M (possibly different from the one induced from L), and denote the corresponding oriented link by M . One defines the map
as in [12] . The map ψ M depends only on the i-summand
Each of L i 's appears in N with a index j i , so there is a corresponding summand
Then define ψ M to be the direct sum of the maps ψ M i precomposed with the relevant factors.
For the general 2-component link L, we describe the chain complex and its differential in detail. We write
as the surgery matrix where l denotes the linking number and
, a two digit binary superscript is used to keep track of which link components are forgotten. Let A 00
The surgery complex is defined as
The differential in the complex is defined as follows. Consider sublinks ∅, ±L 1 , ±L 2 and ±L 1 ± L 2 where ± denotes whether or not the orientation of the sublink is the same as the one induced from L. Based on [12] , we have the following maps, where Φ ∅ s is the internal differential on any chain complex
where Λ i is the i-th column of Λ. We did not write the maps Φ ±L 1 ±L 2 s in detail since we will focus on L-space links and these maps vanish for 2-component L-space links. Let
is the Manolescu-Ozsváth surgery complex. 
induces an isomorphism on homology provided that either
, and L i is given the orientation opposite to the one induced from L.
3.2.
Perturbed surgery formula. Up to homotopy equivalence, one can replace every complex A ǫ 1 ǫ 2 s where ǫ 1 , ǫ 2 = 0 or 1 by its chain homotopy type and replace every differential map Φ ±L i s by its homotopy type. Then the Manolescu-Ozsváth surgery complex becomes a perturbed surgery foumula [11] . More concretely, for a 2-component L-space link L, we replace the complexes A
We replace the edge maps Φ ±L i s as follows:
where
Figure 2.
We denote the perturbed complex as C(Λ), and it is chain homotopy equivalent to the [11, 12] .
The surgery complex splits as a direct sum corresponding to Spin c -structures. Recall that for the surgery matrix Λ associated to L, there is an identification:
, where H(L, λ) is the lattice spanned by Λ [12] . Now we review the truncated perturbed surgery complex. We refer the reader to [11, 12] for details. The constant b in Lemma 3.1 determines a parallelogram Q in the plane, with vertices P 1 , P 2 , P 3 , P 4 counterclockwise labelled, satisfying the following condition: The point P i has the coordinate (x i , y i ) such that
We also require that every edge of Q is either parallel to the vector Λ 1 with length greater than ||Λ 1 || or parallel to Λ 2 with length greater than ||Λ 2 ||. The way of doing truncation is not unique. We follow the way Y. Liu did in [11] . One can choose the parallelogram Q to be centered at the origins as follows. Let
with i 0 , j 0 being positive integers, such that (3.3) holds. Instead of using the constant b to truncate the surgery complex, one can also use different constants b ′ 1 , b ′ 2 ∈ N to truncate the complex in vertical and in horizontal directions. Then
induces an isomorphism on homology whenever |s i | > b ′ i and L i has the orientation corresponding to the sign of s i for i = 1, 2. Let b i be the minimal number among the choices of b ′ i . For 2-component L-space links L, we can use (3.2) to define b i in terms of the Hfunction.
Definition 3.2. For an oriented 2-component L-space link L with linking number l, we define:
Fix the surgery matrix Λ. Now we review the finitely generated surgery complex after truncation in the Spin c -structure u ∈ H(L)/H(L, Λ). For details, see [11] . Let S ǫ 1 ǫ 2 denote the collection of summands A ǫ 1 ǫ 2 s of the truncated surgery complex in the Spin c -structure u where ǫ 1 , ǫ 2 = 0 or 1.
Suppose
Based on the signs of d 1 , d 2 and det Λ, there are six cases for the truncated regions.
Case 1:
Case 2:
where ǫ 1 , ǫ 2 ∈ {0, 1}. The truncated complex is defined as
The differential is obtained by restricting D toC(H, Λ, u). Up to homotopy equivalence, we simply regard A 
, up to some grading shift. Since we are working on truncated surgery complexes from here on, it suffices to consider polynomials over F [U ] .
By putting U = 0, we get the chain complex of F-vector spaces C(Λ, u) whose homology is isomorphic to HF (S 3 Λ (L), u). Note that the differential Φ ±L i s will be replaced by Φ ±L i s which should be either 0 or 1 from F to F.
3.3.
The associated CW-complexes. In this section, we associate a finite rectangular CW-complex to the truncated surgery complex. We refer the reader to [3, Section 3.3] for more details. Each A 00 s in the truncated surgery complex corresponds to a 2-cell. Each A 01 s and A 10 s corresponds to a 1-cell, and each A 11 s corresponds to a 0-cell with the boundary map specified by (3.2) .
According to the different signs of d 1 , d 2 and det Λ, there are six cases for the truncation process described in Section 3.2. In all these cases, the associated CW-complex is a rectangle R on a square lattice, with some parts of the boundary erased. Consider the chain complex C generated by the squares, edges, and vertices of R over F with the usual differential ∂. Then the homology of C is isomorphic to the homology of R relative to the erased parts of the boundary. More precisely, we will have the following three situations:
(a) For case 1 in Section 3.2, the CW-complex R is a rectangle with all 1-cells and 0-cells on the boundary erased as shown in Figure 3 . Then (R, ∂R) ≃ (S 2 , pt). Therefore H 2 (C, ∂) ∼ = F is generated by the sum of all 2-cells, and all other homologies vanish. (b) For case 2 in Section 3.2, the CW-complex R is a rectangle with none of the cells erased in Figure 3 . Then R is contractable, so H 0 (C, ∂) ∼ = F is generated by the class of a 0-cell, and all other homologies vanish. (c) For other 4 cases in Section 3.2, the CW complex R is a rectangle with some 1-cells and 0-cells erased on the boundary in Figure 3 . Then R relative to the erased cells is homotopy equivalent to (S 1 , pt). Therefore, H 1 (C, ∂) ∼ = F is generated by the class of any path connecting erased boundaries, and all other homologies vanish.
Figure 3.
We associate a (2
. One can construct a chain map from the truncated surgery complexC(H, Λ, u) to the cell-complex C, see [3, Section 4] . Each cell in (C, ∂) corresponds to a copy of F[U ] ∼ = H * (A ǫ 1 ǫ 2 s ) generated by some element z( ) where the cell is associated to A ǫ 1 ǫ 2 s . We denote the homological grading of z( ) by deg( ). Recall that U has homological grading −2. Then the degree of z( )U k ∈ H * (A ǫ 1 ǫ 2 s ) equals deg( ) − 2k, and we call z( )U k the graded lift of the cell of degree deg( ) − 2k. Recall thatC(H, Λ, u) = ǫ 1 ,ǫ 2C ǫ 1 ǫ 2 (Λ, u). Up to homotopy equivalence, we can regard
is generated by a chain inC 11 (Λ, u). (c) For the rest of the cases, the free part of HF − (S 3
Proof. The proof is straight-forward by using the surgery theorem HF − (S 3 [12] and Theorem 3.3.
Recall that HF (S 3
is isomorphic to the homology of the chain complex of Fvector spaces C(Λ, u) which is obtained fromC(H, Λ, u) by putting U = 0 [11] . Suppose that
is an L-space. For any Spin c -structure u, we have:
is generated by a chain in
(c) For the rest of the cases, HF (S 3
by putting U = 0. By Corollary 3.4, the tower F[U ] is generated by a chain inC 00 (Λ, u), inC 11 (Λ, u) or inC 01 (Λ, u) ⊕C 01 (Λ, u). Without loss of generality, we assume the chain is inC 00 (Λ, u), and it is written as:
u is a chain inC 00 (Λ, u). By putting U = 0, the generator becomes z 00 s 1 + z 00 s 2 + · · · which is a chain in C 00 (Λ, u), and it generates HF (S 3
L-space surgeries on 2-component L-space links
In this section, we start with type (A) 2-component L-space links, and the proof of Theorem 1.1.
. By Lemma 2.13,
In this paper, we orient the link L so that the linking number l is nonnegative. Then
Similarly, we have H(s 1 + l, ∞) ≤ H(s 1 , ∞) = 0 and
Hence, Φ −L 2 s = 0. Then A 00 s is the generator of HF (S 3
. By Corollary 3.5, this is possible only when d 1 > 0, d 2 > 0 and det Λ > 0. 
If l is odd, we let s 1 = b 1 + 1/2. Then
In both cases, we have b 1 ≥ g 1 − 1 + l/2. The argument for b 2 is similar.
Proof
Then the link L is type (A). By Theorem 1.1, if S 3
The rest of the argument is the same as the one in the case that l is even.
Proposition 4.3. A 2-component L-space link L is type (A) if and only if b
Proof. The "if " part can be seen from the proof of Corollary 4.2. For the "only if " part, we assume that the link is type (A). Then there exists a lattice point (
We refer the readers to [10] for more details about maximal lattice points. If there exists a maximal lattice point (
is an unknot, the statement is clear. Now we assume that both L 1 and L 2 are not unknots with genera g 1 , g 2 ≥ 1. Suppose that S 3
.
Hence,
which is a chain in C 11 (Λ, s) (see Figure 2) . However, we have d 1 > 0, d 2 > 0 and det Λ > 0. By Corollary 3.5, HF (S 3
is generated by a chain in C 00 (Λ, s). So we get a contradiction, and either S 3 
we can choose the parallelogram Q in the plane such that the point s is in Q, and other lattice points in the same Spin c structure are outside of Q. Then after truncation, in this particular Spin c structure, we have the parallelogram in Figure 4 for the truncated surgery complex.
Note that Φ
is generated by a chain in C 11 (Λ, s), which is a contradiction. Hence L 1 is an unknot. Similarly, we can prove that L 2 is also an unknot.
Proof. Suppose that S 3
is not an unknot. Consider the lattice point (s 1 , s 2 ) = (g 1 + l/2, l/2). Since L 2 is not an unknot, H 2 (0) ≥ 1. Then H(g 1 + l/2, l/2) ≥ H(∞, l/2) = H 2 (0) ≥ 1. Since d 1 > 2b 1 + l and d 2 < −2b 2 − l, we can truncate the surgery complex to be Figure 5 in the spin c -structure represented by (g 1 + l/2, l/2). Then Φ ±L 1 g 1 +l/2,l/2 = 0 since the the pair of vertical sides in the truncated surgery complex are erased. Observe that
By Corollary 2.13, H(−g 1 −l/2, −l/2)−H(−g 1 −l/2, ∞) = H(g 1 +l/2, l/2)−H(g 1 +3l/2, ∞).
Note that H(g 1 + 3l/2, ∞) ≤ H(g 1 + l/2, ∞) = H 1 (g 1 ) = 0. Hence, Φ ±L i g 1 +l/2,l/2 = 0, and A 00 g 1 +l/2,l/2 generates HF (S 3
(L), (g 1 + l/2, l/2)) as in Figure 5 . By Corollary 3.5, this is possible only when d 1 > 0, d 2 > 0 and det Λ > 0. So we get a contradiction, and L 2 is an unknot. 
is an L-space. By the surgery induction (Lemma 2.10), S 3 Proof. It is straight-forward from Lemma 4.6 and Corollary 4.9.
Example 4.11. The torus link L = T (4, 6) is 2-component L-space link with linking number 6. Both of the knot components are right-handed trefoils. Its L-space surgery set is contained in the white region indicated in Figure 6 , and is unbounded from below. We refer the readers to [5, Figure 1 ] for the details. 
Proof. We first assume that the linking number is even. Then pick the lattice point (
is also an L-space for any integer k > 0. By choosing k sufficiently large, we can truncate the surgery complex in the Spin c structure of (0, 0) as in Figure 7 .
Observe that Φ 
Recall that H i (l/2) = 0 and
and Φ
−L i l = 0. Hence, we see that A 11 0,0 and A 11 Figure 7 , which contradicts to the assumption that S 3
is an L-space. Now we suppose that the linking number l is odd, i.e. l ≥ 3. The argument is very similar. Pick the lattice point (1/2, 1/2) ∈ H(L). Similarly, we have Figure 8 . This indicates that they have the same Thurston polytope [9] , and the Thurston polytope lies on a line of slope 1 passing through the origin. Then there exists an annulus representing the homology class (−1, 1) ∈ H 2 (S 3 , L; Z) whose boundary components are longitudes for the corresponding link components. Hence L is the Hopf link.
be an L-space link with unknotted components and linking number l. If S 3
Proof. Without loss of generality, assume that S 3
Then L is type (B) and there are no maximal lattice points. Note that both L 1 and L 2 are unknots, so S 3
is also an L-space. By the surgery induction (Lemma 2.10), S 3
We first suppose that the linking number l > 0 is even. In the Spin c structure (0, 0), we can truncate the surgery complex to be a square with a pair of sides erased as in Figure 5 . Then Φ
(L), (0, 0)). By Corollary 3.5, this is only possible when
We claim the H-function of L is the same as the H-function of the torus link T (2, 2l). By Lemma 2.4, 
The values of the H-function at the boundary are already known. We claim that the diagonal value H(k, k) = l/2−k. For the Spin c structure (k, k), we can truncate the surgery complex in this Spin c structure to be the square as shown in Figure 5 . Then
By Corollary 2.13, the values of H-function in the third quadrant are determined by its values in the first quadrant. Therefore, the H-function of L is the same as the one of the torus link T (2, 2l) . This means that they have the same Thurston polytope [9] , and the Thurston polytope lies on a line of slope 1 passing the origin. Then there exists an annulus representing the homology class (−1, 1) whose boundary components are longitudes for the corresponding link components. Hence L is the torus link T (2, 2l) . 
We strengthen Corollary 4.9, proving that L is the disjoint union of L 1 and an unknot:
Proof. By Corollary 4.9, L 2 is an unknot. Next, we prove that H(s 1 , s 2 ) = H 1 (s 1 ) + H 2 (s 2 ) where H 1 , H 2 are the H-functions of L 1 , L 2 respectively. By a similar argument to the one in Corollary 4.9, we assume that S 3 s 2 ) , we can truncate the surgery complex to be the square with a pair of sides erased as shown in Figure 5 . So Φ ±L 1 s 1 ,s 2 = 0. Suppose that s 2 > 0. Then
(L), s) which is a contradiction by a similar argument to the one in Proposition 4.7. Recall that
Suppose that s 2 = 0. Then
This indicates that Φ
. By a similar argument, we prove that they equal 1.
Now we consider the case that s 2 < 0. By Lemma 2.4,
By (2.4), the Alexander polynomial ∆ L (t 1 , t 2 ) vanishes. Then the Thurston polytope of L is the same as that of L 1 ⊔ U , which is an interval on the s 1 -axis connecting (−g(L 1 ), 0) and (g(L 1 ), 0) [9] . The Thurston norm in (0, 1) direction is 0, and in (1, 0) direction is g(L 1 ). It is not hard to use the definition of Thurston norm and the computation of Euler characteristics of surfaces to prove: L 1 and L 2 bound pairwise disjoint surfaces with genera g(L 1 ) and 0 in S 3 , respectively. Hence, L is the disjoint union of L 1 and U .
Next, we discuss positive L-space surgeries on 2-component L-space links with linking number zero.
we can truncate the surgery complex in the Spin c structure (s 1 , s 2 ) as shown in Figure 9 . Observe that Φ Figure 9 , we see that Φ ±L 2
and A 10
are both generators of HF (S 3 s 2 ) ), which contradicts to our assumption that 
Proof. Suppose that d 1 ≤ 2b 1 . Pick the lattice point (b 1 , 0). Since d 2 > b 2 , we can truncate the surgery complex in the Spin c structure (b 1 , 0) to the rectangle with the boundary erased as in Figure 9 . Then Φ 0) ), which contradicts to Corollary 3.5 and the assumption that
Proof. If L 1 is an unknot, this is straight-forward. Suppose that L 1 is not an unknot and d 1 ≤ 2g 1 − 2. Pick the lattice point (g 1 − 1, s 2 ) such that H 2 (s 2 ) = 0 and H(g 1 − 1, s 2 ) > 0. This is possible since H(g 1 − 1, s 2 ) ≥ H(g 1 − 1, ∞) > 0. Since d 2 > 2b 2 , we can truncate the surgery complex in each Spin c structure as shown in Figure 9 . Observe that
, and
, which is a contradiction by a similar argument as before. Therefore, 
Based on the comparisons of b i and 2g i − 1, we separate the discussion into three cases as shown in Figure 11 . In each figure, we use lines to separate the first quadrant into 16 regions. In Case (I), we suppose that b i > 2g i − 1 for i = 1 and 2 as shown in Figure 11 . If (d 1 , d 2 ) is in region 4, then S 3 
is not an L-space. We use red color to denote these regions. If (d 1 , d 2 ) is in region 6, 10 or 11, then by surgery induction (Lemma 2.10), S 3
is also an L-space for any k 1 > 0, k 2 > 0, which contradicts to the fact that points in regions 2 and 12 don't give L-space surgeries . Hence no points in these three regions produce L-space surgeries. By Proposition 4.15, points in region 13 also cannot give L-space surgeries. If (d 1 , d 2 ) is in region 5 or region 9, then by the surgery induction again, S 3
is an L-space for any k > 0. However, we know that points in regions 6 and 10 cannot produce L-space surgeries which is a contradiction. So we also use red color for these regions to indicate the surgeries corresponding to them are not L-spaces. The similar argument works for the regions 14 and 15. Hence, we get Figure 11 Case (I).
In Figure 11 Case (II), we suppose that b 1 < 2g 1 − 1 and b 2 > 2g 2 − 1. The argument for regions 1,2, 4, 12, 16, 13, 14, 9, 10, 11, 15 is very similar to the argument in Case (I). For points in regions 5 or 6, we cannot use the surgery induction argument. For these points
is an L-space. In Figure 11 Case (III), we suppose that b i ≤ 2g i − 1 for both i = 1, 2. We prove that points in regions shaded by the red color won't give L-space surgeries by the similar argument to the one in Case (I). For points (d 1 , d 2 ) in regions 5, 6, 11 and 15, it is possible that S 3
is an L-space link with vanishing linking number and L 2 is unknot. If S 3
is in region 4 and 8 in Figure  11 .
Proof. If L 2 is an unknot, we only need to consider Case (I) and Case (II) in Figure 11 . It suffices to consider the points in regions 5 and 6. By Lemma 4.18 
is an L-space link with a maximal lattice point (s 1 , s 2 ) ∈ H(L), and the coefficient of t
for some b ≥ 0. It is not hard to see that b 2 ≥ g 2 + l/2 by a similar argument to the one in Proposition 4.
is an L-space, by Lemma 2.10, S 3
is also an L-space. We can truncate the surgery complex to the rectangle with sides erased as in Figure 9 in the Spin c structure (s 1 , s 2 ). Note that s 2 ) ), contradicting to Corollary 3.5. Thus, we have d 1 > 2s 1 .
Next we consider the case that χ(HF L − (−s 1 , s 2 + 1)) = −1. Then
for some b ≥ 0. By Lemma 2.10, S 3 
is an L-space link with b 1 = s 1 for some maximal lattice point (s 1 , s 2 ) ∈ H(L), and the coefficient of t
Proof. It is straight-forward from Proposition 4.23. and t Proof. The "if " part is straightforward by large surgery formula. Now we prove the "only if " part. Since there exist maximal lattice points for the link L, it is type (A). By Lemma 4.5, if S 3
is an L-space. Without loss of generality, we assume that S 3
is an L-space. By the surgery induction (Lemma 2.10), In the rest of the section, we consider cables on links L which satisfy the assumptions in
Given coprime positive integers p, q, define the map T : R → R as: 
or it is type (A) and l is even,
if L is type (A) and l is odd.
By a similar argument to the one in Corollary 4.2, there exists a lattice point (
where a ≥ 0, and s 1 = b 1 or b 1 − 1/2 depending on the parity of the linking number. Then χ(HF L − (s 1 + 1, s 2 + 1)) = −1, and it is the coefficient of the term t
. By the definition of b 1 , it is also not hard to see that the coefficients of t
Recall that the Alexander polynomial of the cable link L p,q is computed by Turaev in
is a Laurent polynomial of degree pq/2 − q/2.
Observe that T (s) = ps + (1/2 − p/2) + (pq − q)/2. We claim that the coefficients of t ∆ Lp,q (t) = ∆ L 1 (t p )(t 1/2 − t −1/2 ) t p/2 − t −p/2 · t pq/2 − t −pq/2 t p/2 − t −q/2 . Here we are multiplying ∆ L 1 (t p ) by a Laurent polynomial of degree T (0).
It is not hard to see that for any L-space knot K, g(K) is the top degree of the symmetrized Alexander polynomial of K from the proof of Lemma 2.11. Then the monomial with the highest degree term in ∆ L 1 (t) is t g(L 1 ) . By (4.4), the highest degree term in ∆ Lp,q (t) is t g(L 1 )p+(p−1)(q−1)/2 = T (g(L 1 )). Since b 1 (L) = g(L 1 ) − 1 + l/2, the coefficients of the terms t in ∆ Lp,q (t 1 , t 2 ) is also nonzero corresponding the maximal lattice point (T (s 1 + 1) − 1, s 2 ) ∈ H(L p,q ).
Proof. By Lemma 4.29, (T (s 1 + 1) − 1, s 2 ) ∈ H(L p,q ) is a maximal lattice point of L p,q . It suffices to prove that the coefficient of t −T (s 1 +1)+1,s 2 +1 is nonzero in∆ Lp,q (t 1 , t 2 ). Note that So we need to check that the term is not cancelled in∆ Lp,q (t 1 , t 2 ). Assume that there exists a term t x 1 t has nonzero coefficient in∆ Lp,q (t 1 , t 2 ). 
